This is the first of two papers on vertex Poisson algebras associated with Courant algebroids, and their deformations. In this work, we study relationships between vertex Poisson algebras and Courant algebroids. For any N-graded vertex Poisson algebra A = n∈N A (n) , we show that A (1) is a Courant A (0) -algebroid. On the other hand, for any Courant A-algebroid B, we construct an N-graded vertex Poisson algebra A = n∈N A (n) such that A (0) is A and the Courant A-algebroid A (1) is isomorphic to B as a Courant A-algebroid.
Introduction
A vertex Poisson algebra is an analogue of the notion of a Poisson algebra in the category of vertex algebras. It is a combination of a commutative vertex algebra structure (or equivalently a differential algebra structure) and a vertex Lie algebra structure with a natural compatibility condition (see [BeD, FB] ). In fact, one may consider vertex Poisson algebras as the classical limit of vertex algebras (see [BeD, FB] ). Important features of the formalism of vertex Poisson algebras can be traced back to the work of I.M. Gelfand, L.A. Dickey and others on the Hamiltonian structure of integrable hierarchies of solition equations (see [Di] ). They play a prominent role in the study of certain connections between the classical and quantum Drinfeld-Sokolov reductions (see [FB] Chapter 15). They also play a crucial role in the study of generating subspaces of vertex algebras with a certain property analogous to the well known Poincaré-Birkhoff-Witt spanning property (see [Li2, Li3] and references their in).
Courant algebroids first appeared in the work of T. Courant on Dirac structures on manifolds (see [Co] ). They were later studied by Liu, Weinstein, and Xu who used Courant algebroids to generalize the notion of the Drienfeld double to Lie bialgebroids (see [LiuWX] ). One can think of a Courant algebroid as a certain kind of algebroid for which the condition of antisymmetricity, the Leibniz rule and the Jacobi identity for the bracket are all relaxed in certain ways. Examples of Courant algebroids are the doubles of Lie bialgebras and the bundle T M ⊕T * M . (see [LiuX, Co] ). Courant algebroids play an important role in the study of dynamical r-matrices (see [LiuX] ). Also, it was shown in [RoW] that Courant algebroids can be viewed as strongly homotopy Lie algebras. Furthermore, Courant algebroids have a close connection to gerbs (see [BrC] ) and play a significant role in the study of the theory of vertex algebroids (see [Br] ).
The purpose of this paper is to study relationships between Courant algebroids and N-graded vertex Poisson algebras. Precisely, we show that one can obtain Courant algebroids from N-graded vertex Poisson algebras and vice versa. For an N-graded vertex Poisson algebra A = n∈N A (n) , the homogeneous subspace A (0) is a unital commutative associative algebra and the homogeneous subspace A (1) is a module of an associative algebra A (0) . Moreover, the skew symmetry and the half commutator formula of a vertex Poisson algebra give rise to several compatibility relations. These structures on A (0) ⊕ A (1) are summarized in the notion of what was called a 1-truncated conformal algebra. By using skew symmetry and the fact that a family of bilinear operations
are derivations of the commutative product on A, we show that A (1) is, in fact, a Courant A (0) -algebroid. On the other hand, for a given Courant A-algebroid B, we construct an N-graded vertex Poisson algebra A = n∈N A (n) with A (0) = A and the homogeneous subspace A (1) isomorphic to B as a Courant algebroid. For a given 1-truncated conformal algebra A⊕B over C, we set C(A⊕B) = C[D]⊗(A⊕B) where D is a formal variable. We use the fact that A ⊕ B is a 1-truncated conformal algebra to show that a certain quotient space C B of C(A ⊕ B) is a vertex Lie algebra. It was shown in [Li2] that a symmetric algebra of a vertex Lie algebra is a vertex Poisson algebra. Applying this result to C B , we then obtain a vertex Poisson algebra S(C B ). In fact, S(C B ) is an N-graded vertex Poisson algebra whose degree-zero subspace is S(A) and whose degree-one subspace is S(A) · B. Here, S(A) is the symmetric algebra over the space A. For any Courant A-algebroid B, A ⊕ B is a 1-truncated conformal algebra. Hence, S(C B ) is an N-graded vertex Poisson algebra. By using the fact that B is a Courant A-algebroid, we can show that a certain quotient space S B of S(C B ) is an N-graded vertex Poisson algebra whose the degree-zero subspace is A and the degree-one subspace is isomorphic to B as a Courant A-algebroid. This paper is organized as follows: In section 2 we recall notions of vertex Lie algebras, and vertex Poisson algebras. In section 3, we review the notions of 1-truncated conformal algebras and Courant A-algebroids, and we construct Courant algebroids from N-graded vertex Poisson algebras. In section 4, we construct an Ngraded vertex Poisson algebra from any 1-truncated conformal algebra. In section 5, for any Courant A-algebroid B, we construct an N-graded vertex Poisson algebra whose degree-zero subspace is A and degree-one subspace is isomorphic to B as a Courant A-algebroid.
We use here the standard formal variable notations and conventions as defined in [FHL, LLi] . Also, we use a notation N for the set of nonnegative integers.
Vertex Lie algebras, and vertex Poisson algebras
In this section we review the definitions of vertex Lie algebras and vertex Poisson algebras, as well as their properties that will be used in later sections.
Let W be a vector space. Following [P, Li2] , for a formal series
For any nonempty subset S = {i 1 , ..., i k } of {1, ..., n}, a formal series f (x 1 , ..., x n ) can be viewed as a formal series f (
We define
Hence,
Proposition 2.1. [P] Let W be a vector space and let B ∈ W ((x 1 , ...,
Next, we recall the notions of vertex Lie algebra and vertex Poisson algebra.
Definition 2.2. [K, P] A vertex Lie algebra is a vector space A equipped with a linear operator ∂ and a linear map
such that the following axioms hold for a, b ∈ A: a n b = 0 for n sufficiently large; (2.3)
Following [P] , we call (2.6) the half commutator formula. 
Remark 2.3. In terms of components, (2.4)-(2.6) are equivalent to
such that the following conditions hold for all a, b ∈ A:
Then the half commutator formula for an ordered triple (a, b, c) implies the half commutator formula for any permutation of (a, b, c).
A differential algebra is a commutative associative algebra A with the identity 1 equipped with a derivation ∂. We often denote the differential algebra by (A, ∂). A subset U of A generates A as a differential algebra if ∂ n U for n ∈ N generate A as an algebra.
Definition 2.7. [FB] A vertex Poisson algebra is a differential algebra (A, ∂) equipped with a vertex Lie algebra structure (Y − , ∂) (with the same operator ∂) such that for
Remark 2.8. In terms of components, (2.11) is equivalent to a n (bc) = (a n b)c + b(a n c) for a, b, c ∈ A, n ∈ N. (2.12)
Here Y − (a, x) = n∈N a n x −n−1 .
Corollary 2.9. For a ∈ A, n ∈ N,
1. a n is derivation of A, and
Proof. The second part of 2. follows from the first part of 2., and (2.5).
(See appendix for the definition of a vertex algebra.) It was shown in [FHL] that a vertex algebra V is commutative if and only if u n v = 0 for all u, v ∈ V , n ∈ N.
Proposition 2.10. [Bo, FB, Li1] If V is a commutative vertex algebra, then V is a commutative associative algebra with the product defined by 
An N-graded vertex Poisson algebra is defined in the obvious way. 
For
is a derivation when we consider A (0) as an algebra and A (1) as an
Definition 2.13. [Li2] An ideal of a vertex Poisson algebra A is an ideal I of A as an associative algebra such that ∂I ⊂ I a n I ⊂ I for a ∈ A, n ∈ N.
Corollary 2.14. [Li2] 1. By the half skew symmetry we have u n A ⊂ I for u ∈ I, n ∈ N.
2. Moreover, the quotient space A/I has a natural vertex Poisson algebra structure.
Proposition 2.15. Let A be a vertex Poisson algebra, and let I be an ideal of A as an associative commutative algebra. Assume that ∂I ⊂ I and I is generated by W , that is I = AW . If a n w ∈ I for all a ∈ A, w ∈ W, n ∈ N, then I is an ideal of a vertex Poisson algebra A.
Proof. Let a, a ′ ∈ A, w ∈ W , n ∈ N. By (2.12), we have a n (a ′ w) = (a n a ′ )w + a ′ (a n w) ∈ I.
It follows that I is an ideal. 
From vertex Poisson algebras to Courant algebroids
First, we review the notions of 1-truncated conformal algebras and Courant algebroids. Also, we study the relations between these algebras. Next, we show that for an N-graded vertex Poisson algebra V = n∈N V (n) , the homogeneous subspace
Definition 3.1. [GMS] A 1-truncated conformal algebra is a graded vector space C = C 0 ⊕ C 1 , equipped with a linear map ∂ : C 0 → C 1 and bilinear operations
Remark 3.2.
Let A = n∈N A (n) be an N-graded vertex Lie algebra. By equations (2.7)-(2.9), we have that
A (0) ⊕ A (1) is a 1-truncated conformal algebra.
Consequently, for an N-graded vertex Poisson algebra
A Leibniz algebra is a nonassociative algebra Γ satisfying the following condition:
Any Lie algebra is a Leibniz algebra. In particular, for any vector space W the general linear Lie algebra gl(W ) is a Leibniz algebra. A representation of Leibniz algebra Γ on a vector space W is a Leibniz algebra homomorphism ρ from Γ to gl(W ). Let A be a unital commutative associative algebra (over C). A Leibniz A-algebra is a Leibniz algebra Γ equipped with an A-module structure. A module for a Leibniz A-algebra Γ is a vector space W equipped with Γ-module structure and an A-module structure.
Proposition 3.3. [GMS, LiY] Let C = C 0 ⊕ C 1 be a graded vector space (over C) equipped with a linear map ∂ from C 0 to C 1 and equipped with bilinear maps
4. The subspace ∂C 0 of C 1 annihilates the C 1 -module C 0 ⊕ C 1 .
The bilinear map
is a C 1 -module homomorphism and furthermore
Next, we state the definition of a Courant algebroid. We also study the relationship between Courant algebroids and 1-truncated conformal algebras. 
for a ∈ A, u, v, w ∈ B.
Corollary 3.5.
∂(A)
annihilates A and B.
2.
, and ∂ are B-module homomorphisms.
Proof. For 1., since π • ∂ = 0, it follows immediately that ∂(A) annihilates A. Next, we will show that ∂(A) annihilates B. Let a ∈ A, u ∈ B. By (3.10)-(3.12), we have
2. follows immediately from (3.9), (3.10).
By the definition of a Courant algebroid, Proposition 3.3, and Corollary 3.5, we have the following. Proposition 3.6. Let A be a unital commutative associative algebra, and let B be an A-module. Let ∂ : A → B be a derivation. Then a Courant A-algebroid structure on B is exactly equivalent to a 1-truncated conformal algebra structure on C = A⊕B with
14)
Corollary 3.7. Let e be the identity of A. Then for u ∈ B, u 0 e = 0.
Proof. This follows immediately from (3.16).
Let (A = n∈Z A (n) , ∂) be an N-graded vertex Poisson algebra. By Remark 2.12, we have A (0) is a commutative associative algebra with the identity 1 and
Proof. By Proposition 3.6, it is enough to show that (3.13)-(3.16) hold on A (0) ⊕A (1) . Let a, a ′ ∈ A (0) , u, v ∈ A (1) . By (2.12), we have
Hence, (3.15), (3.16) hold. Let a ∈ A (0) , u, v ∈ A (1) . By (2.12), (3.2), we have
Therefore, (3.14) holds. Next, we will show that (3.13) holds. Let a, a ′ ∈ A (0) , u ∈ A (1) . By (2.8), (2.12), (3.2), we have
Vertex Poisson algebras associated with 1-truncated conformal algebras
In this section, we construct an N-graded vertex Poisson algebra from any 1-truncated conformal algebra. Let (A ⊕ B, ∂) be a 1-truncated conformal algebra. We set
where D is a formal variable. We define subspaces C(A) and C(B) in the obvious way. Additionally, we consider A ⊕ B as a subspace of C(A ⊕ B) via the following map
Also, we define a linear operator D on C(A ⊕ B) by
and set∂
Then C(A ⊕ B) becomes an N-graded vector space:
where C(A) (0) = A, and for n ≥ 1
The linear map∂ is a homogeneous of degree 1 and for n ≥ 1, we have
Moreover, D(∂C(A)) ⊂∂C(A).
We define a linear map
The following proposition will play an important role for the rest of this section.
Proof. It follows immediately from (4.4)-(4.7), (4.10).
Next, we will show that ( Proof. First we show that for u ∈ A ⊕ B, a ∈ A, m, n ∈ N,
Let a, a ′ ∈ A, m ∈ N, n ≥ 1. By (3.1)-(3.2), (4.9), (4.11)-(4.13), we have
Let a ∈ A, b ∈ B, m ∈ N, n ≥ 1. By (3.1)-(3.2), (4.9), (4.12)-(4.14), we have
These imply that for u ∈ A ⊕ B, a ∈ A, m, n ∈ N,
Next, we will show that for u ∈ A ⊕ B, a ∈ A, m, n ∈ N,
Let a, a ′ ∈ A, b ∈ B, n ∈ N. By (3.1), (4.9), (4.11), (4.13)-(4.14), we have
Let a ∈ A, b ∈ B, n ∈ N, m ≥ 1. By (3.1)-(3.2), (4.9), (4.11)-(4.12), we have
It follows that for u ∈ A ⊕ B, a ∈ A, m, n ∈ N, we have
Hence,∂C(A) is a 2-sided ideal of C(A ⊕ B).
Let ρ be a projection map:
By (4.2), (4.3) and (4.15), we have the following.
Proof. This follows immediately from Propositions 4.2, 4.3.
Next, we will show that (C, Y 0 − , D) is a vertex Lie algebra.
Lemma 4.6. For u, v ∈ A ⊕ B, n ∈ N, we have
Proof. We first show that for u, v ∈ A ⊕ B,
Let a, a ′ ∈ A, b, b ′ ∈ B. By (3.2), (4.4)-(4.7), and Proposition 4.4, we have
and
These imply that for u, v ∈ A ⊕ B,
Next, we show that for u, v ∈ A ⊕ B, n ≥ 1,
Clearly, for all a, a ′ ∈ A, n ≥ 1, we have
Let a ∈ A, b ∈ B, n ≥ 1. By (3.2), (4.6), (4.12), we have
Similarly, we have
Let b, b ′ ∈ B, n ≥ 1. By (3.2), (4.7), (4.14), and Proposition 4.4, we have
Hence, we can conclude
Proof. We will follow the proof of Proposition 3.10 in [Li2] very closely. First we show that for u, v ∈ A ⊕ B, n ∈ N,
If we differentiate (4.8) with respect to x 1 , then we have
By (4.9), (4.18), and Lemma 4.6, we have that for u, v ∈ A ⊕ B, n, m ∈ N,
Corollary 4.8. For any u ∈ A ⊕ B, n ∈ N,
Corollary 4.9. For u ∈ A ⊕ B, n ≥ 1,
Proof. It follows immediately from Proposition 4.5 and (4.17).
Proof. It follows from Lemma 4.6, (4.9), (4.17).
Proposition 4.11. For u, v ∈ A ⊕ B, m, n ∈ N,
Proof. We first show that for u, v, w ∈ A ⊕ B,
By Proposition 2.6, it is enough to show that for u, v, w ∈ A ⊕ B from an ordered basis of A ⊕ B with u ≤ v ≤ w,
Let {a i |i ∈ I} and {b j |j ∈ J} be ordered bases of A and B, respectively. We assume 
Hence, (4.20) holds when u ∈ A, v, w ∈ B.
Case IV: Assume that u, v, w ∈ B. By (3.1)-(3.3), (4.6)-(4.7), and Proposition 4.4, we have
Hence, (4.20) holds when u, v, w ∈ B. Therefore, for u, v, w ∈ C such that u ≤ v ≤ w, we have
By Corollary 4.10 and Proposition 2.1 ,we also have
for all u, v, w ∈ C such that u ≤ v ≤ w. Moreover, (4.21) holds for all u, v ∈ A ⊕ B.
Next, we will show that for u, v ∈ A ⊕ B, m, n ∈ N,
We will follow the last part of the proof of Theorem 3.6 in [Li2] . Let u, v ∈ A ⊕ B.
By Corollary 4.8, we have
. 
Proof. It follows from Proposition 4.7, Corollary 4.10, Proposition 4.11, Proposition 2.16, and Proposition 3.7 in [Li2] .
Since C is an N-graded vector space, it implies that S(C) = n∈N S(C) (n) is an N-graded vector space. By Corollary 4.9, Theorem 4.12 and Corollary 4.13, we can conclude that:
Lemma 4.14. For u ∈ C (m) , i ∈ N, u i S(C) (n) ⊂ S(C) (n+m−i−1) . Here u i ∈ Der S(C). 
Here, S(A) is the symmetric algebra over the space A.
Proof. First, we show that DS(C) (n) ⊂ S(C) (n+1) for n ∈ N. Clearly, for n ∈ N, DC (n) ⊂ C (n+1) . Since D is a derivation on S(C), we can conclude immediately that DS(C) (n) ⊂ S(C) (n+1) . Next, let a ∈ S(C) (n) , i ∈ N. We will show that
Let r ∈ N and let u ∈ C (r) . By Corollary 4.13 and Lemma 4.14, we have
Here, u j ∈ Der S(C). It implies that a i C (r) ⊂ S(C) (r+n−i−1) . Since a i is a derivation on S(C) and a i C (m) ⊂ S(C) (m+n−i−1) for all m ∈ N, it follows that a i S(C) (m) ⊂ S(C) (m+n−i−1) for all m ∈ N. Therefore, (S(C), Y − ) is an N-graded vertex Poisson algebra. The second statement is clear.
Vertex Poisson algebras associated with Courant algebroids
In this section, we construct an N-graded vertex Poisson algebra S(C) B = n∈N (S(C) B ) (n) associated with a Courant A-algebroid B. Also, we show that (S(C) B ) (0) can be naturally identified with A as a commutative associative algebra and (S(C) B ) (1) can be identified with B as a Courant A-algebroid. For the rest of this paper, we assume that A is a commutative associative algebra with the identity e and B is a Courant A-algebroid. By Proposition 3.6, A ⊕ B is a 1-truncated conformal algebra such that for a, a ′ ∈ A, u, v ∈ B,
Furthermore, by Theorem 4.15, we have an N-graded vertex Poisson algebra S(C) = n∈N S(C) (n) associated with a 1-truncated conformal algebra A ⊕ B. We denote a multiplication on S(C) by "·". Let
Lemma 5.1. For u ∈ A ⊕ B, n ∈ N, we have u n E ⊂ E. Moreover,
Proof. We first show that for u ∈ A ⊕ B, n ∈ N,
For a ∈ A, n ∈ N, we have a n E 0 = 0. Similarly, for b ∈ B, n ≥ 1, we have b n E 0 = 0. Let b ∈ B. By Corollary 2.9, Corollary 3.7, and (5.4), we have
for all a, a ′ ∈ A. Therefore, for u ∈ A ⊕ B, n ∈ N, u n E 0 ⊂ E 0 . Next, we show that for u ∈ A ⊕ B, n ∈ N, u n E 1 ⊂ E. Clearly, for a ∈ A, b ∈ B, m ≥ 1, n ≥ 2, we have a m E 1 ⊂ E 1 , and b n E 1 ⊂ E 1 .
Let a ′ , a ∈ A, b ∈ B. By (3.2), (5.1), we have
Hence, a n E 1 ⊂ E for all a ∈ A, n ∈ N.
Let a ∈ A, u, b ∈ B. By (5.2), (5.3), we have
It follows that for b ∈ B, n ∈ N, b n E 1 ⊂ E.
Next, we show that DE 0 ⊂ E 1 . By Proposition 4.4, we have that
Let a, a ′ ∈ A. By Propositon 4.4, and the fact that D is a derivation on S(C) and ∂ is a derivation from A to B, we have
For a subset U of S(C), we set
an ideal of a commutative associative algebra S(C).
Lemma 5.2. I B is an ideal of a vertex Poisson algebra S(C). Moreover,
Proof. Since D is a derivation on S(C) and
Let v ∈ A ⊕ B, and u ∈ E. We claim that for m ∈ N,
We prove this by an induction on m. For the case when m = 0, it follows immediately from Lemma 5.1. Recall that for i ∈ N, [D, v i ] = −iv i−1 (see Proposition 2.5). We now assume that for n < m,
By an induction hypothesis, we conclude that
Next, we show that for v ∈ A ⊕ B, i ∈ N, v i I B ⊂ I B . Let v ∈ A ⊕ B and i ∈ N. By (2.12), (5.9), we have that for a ∈ S(C), u ∈ E, m ∈ N,
This implies that for v ∈ A ⊕ B, i ∈ N,
(5.10)
Next, we will show that for a ∈ S(C), w ∈ I B , i ∈ N, a i w ∈ I B .
By (2.8), (5.8), (5.10), we have that for w ∈ I B , v ∈ A ⊕ B, i ∈ N, for all v ∈ A ⊕ B, w ∈ I B , i ∈ N, and m ≥ 1. Hence, for w ∈ I B , i ∈ N,
Let w ∈ I B , i ∈ N. Since w i is a derivation on S(C) and w i C ⊂ I B , it follows that
Hence, by (2.8), (5.8), (5.11), we can conclude that for a ∈ S(C), w ∈ I B , i ∈ N, a i w ∈ I B and I B is an ideal of S(C) as a vertex Poisson algebra. Next, we will show that S(C) 
Therefore, S(A) · B · E 0 ⊂ S(A) · E 1 , and (I B ) (1) = S(A) · E 1 . Recall that for u, v ∈ S(C) B , n ∈ N, we have
Moreover, we have S(C)
Let a ∈ A, b ∈ B, n ≥ 1. By Proposition 4.4, we have the Jacobi identity.
